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Abstract 

A new approach extracting multi-parametric hydrodynamic reductions for the 
integrable hydrodynamic chains is presented. The Benney hydrodynamic chain is 
considered. 
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1 Introduction 

The famous Benney hydrodynamic chain [1] 

A^t = A^-^^ + kA'^-^Al A; = 0,1,... (1) 



describes a fluid dynamics of a finite depth. This paper is dedicated to a construction of 
particular solutions. 

1. Let us suppose that each moment A'' can be decomposed on functions fm{k){.z) 
of a single variable (A^ is arbitrary), i.e. 

N 



A' = Y.M^"')- (2) 



m=l 



2. Let us substitute this ansatz (2) in (1) instead all moments with variable indices 
(except the first equation in (1)), and suppose that the summation with respect to the 
index i can be removed from the hydrodynamic reduction 



<= T : /), A; = 1,2,..., z = l,2,...,Ar 



N 

Y.lfmi^>t - fkk+iMK - kMkMa')Al] =0, A: = 1,2, ^ = 1,2, ...,N. 

i=l 

It means, that hydrodynamic type system 

cannot explicitly depend on the discrete variable k. A solution of the system 
is given by 

k + 1 Ci[a^) 
2 



where are arbitrary constants, and the functions bi{z) are not determined yet. 

3. Let us suppose that a* are conservation law densities. Then bi{z) = z. The 
hydrodynamic reduction 

ai=(^ + n^, ^ = l,2,...,iV, (3) 

where u = v4°(a), is the so-called "symmetric" hydrodynamic type system (see [11]) whose 
generating function of conservation laws 

2 



Pt = dJ^ + u] (4) 



can be obtained by the formal replacement a* p. 

Remark: The above construction was derived from the whole Benney hydrodynamic 
chain (1) excluding the first equation = A].. A substitution of the above formulae in 
this conservation law implies the important constraint 

J2e^ = Q. (5) 

4. A consistency of (4) with (3) implies the so-called Lowner equation (see [5] and 
[11]) 

a.p=^fl + V^V\ (6) 

where di = d/da^. The compatibility condition di{dkp) = dk{dip) leads to the Gibbons- 
Tsarev system (see [5] and [11]) 

(a* — a^)dikU = dkU ■ diSu — diU ■ dkSu, i k, (7) 

where 6 = Hd/da"^. It is easy to see that the above moment decomposition (2) 



m 

Cm"" 



satisfies (7) without restriction (5). 

Remark: Suppose that symmetric hydrodynamic type system (7) possesses the con- 
servation law Ut = Vx only (see (1)), where v = ^^(a). Then the compatibility condition 



di{dkv) = dk{div) implies (7) again, where diV = (a* + 5u)diU. Thus, the existence of 
one extra conservation law leads to the existence of infinitely many conservation laws (see 
(4)). 

5. Lowner equation (6) can be integrated once 

X=p-J2e^\n{p-a'^) (9) 

under substitution (8). A is an integration constant here. Equation (9) of the Riemann 
surface (see [6], [7]) possesses an expansion {X ^ oo,p ^ oo) 

A' 

A = p+ — + — + — + ..., (10) 
p p-^ 

where all higher moments are determined by the moment decomposition (see (2), (5), cf. 
(8)) 

1 ^ 

^' = ;fc^E^™(«")'^'' ^ = 0,1,- (11) 

m=l 

Suppose that A is a function of p and field variables a^. Then the Vlasov (coUisionless 
Boltzmann) equation (see [4], [10], [15]) 

Xt - pXx + XpUx = (12) 

is fulfilled due to (1) and (10). A substitution of the inverse series 



Ho Hi H2 , . 

p = X---^-^-... (13) 



in (10) implies explicit expressions for all conservation law densities Hk{A^,A^,...,A^). 
For instance, Hq = Hi = A^, H2 = A^ + {A^f, H3 = A^ + 3A°A^, ... A substitution 
(13) in (4) implies an infinite series of conservation laws 

dtHn = djHn+i-lj2^"^^--'-^]^ A; = 0,1,... (14) 



m=0 

6. Hydrodynamic reductions (3) are semi-Hamiltonian (see [14]) hydrodynamic type 
systems which can be written in the diagonal form (see [5], [10]) 

1,2,..., AT (15) 



by virtue of invertible point transformations a^{r). Consistency of (15) with (4) leads to 
the Lowner equation {di = d/dr^) 

dtP = , 

— p 

written via Riemann invariants r'' (cf. (6)) whose compatibihty condition di{dkp) = 
dk{dip) imphes the Gibbons-Tsarev system (cf. (7)) 



<9i/ = fc , dikU = I ^ k, (16) 

'pl' 'pr,' \P P 



originally derived in [5]. 

7. An arbitrary N component hydrodynamic reduction (15) can be written in the 
combined form (see (3) and (14)) 

dtHn = a,. , n = 0,l,...,M-2, (17) 

V m=0 / 



/ M-2 

d^HM-i = dAHM{s.,Yl)--Y,H^H^ 



M-2 



2 

m=0 

where N = K + M, and HmIsl, H) is some function determined from a consistency of the 
above hydrodynamic type system and the generating function of conservation laws (4), 
where u = Hq. 

Remark: A simplest choice Hm = Se^a'" extracts hydrodynamic reductions 

(17) equipped by local Hamiltonian structures of the Dubrovin-Novikov type (see the 
next Section). 

Gibbons-Tsarev system (16) describes integrable hydrodynamic reductions (semi- 
Hamiltonian hydrodynamic type systems) of integrable Benney hydrodynamic chain (1). 
Thus, we believe that the Gibbons-Tsarev system is also integrable. At least, we know, 
that the Gibbons-Tsarev system possesses infinitely many solutions parameterized by 



arbitrary functions of a single variable (see [5]). All known solutions were found in [2], [4], 
[8], [9], [15]. Nevertheless, a construction of such solutions is an open problem now. By 
this reason, we try to suggest the new approach allowing to seek most general families of 
particular solutions. This paper is devoted to a description of hydrodynamic reductions 
(17), where Hm{8l, H) depends on all lower field variables Hn {n = 0, 1, M — 1) and a 
sole function A = T,fm{a^)- 

This paper is organized in the following way. In Section 2, hydrodjTiamic reductions 
equipped by local Hamiltonian structures of the Dubrovin-Novikov type are determined 
by the special choice Hm = '^^mO^- In Section 3, + 2 parametric family of solutions 
M(a) of the Gibbons-Tsarev system is found for the first special sub-case Hq = /o(A). A 
corresponding equation of the Riemann surface and corresponding two-parametric family 
of hydrodynamic chains are constructed. In Section 4, the second special sub-case Hi = 
/i(A) is considered. Corresponding hydrodynamic chain and the Riemann surface are 
presented. In Conclusion, a generalization of the approach presented in this paper is 
discussed. 

2 Hamiltonian reductions 

The Benney hydrodynamic chain belongs to the class of Egorov hydrodynamic chains 
(see details in [12], [13]), which possess a pair of conservation laws at = h^^ht = Cx- In 
the case of the Benney hydrodynamic chain, a = Hq^B = Hi,c = H2 — (see (14)). 

All commuting flows of any integrable Egorov hydrodynamic chain are integrable Egorov 
hydrodynamic chains too. A generating function of such Egorov's pair is given by the 
so-called dispersionless Hirota equations (see, for instance, [3]) 

9.K)ifo = dMC), drioPW = dJn[piX) - piO], (18) 



6 



where p(A) is a generating function of conservation law densities (see (4) and (13)) and 
dr(Q is a formal operator (see, for instance, in [12]). Thus, the generating function of 
commuting hydrodynamic reductions (they are obtained by a formal replacement p{X) 
q} exactly as in (4)) 

<(^) = 9,ln(p(C)-aO (19) 

possesses an infinite series of conservation laws (they can be obtained by a substitution 
of (13) in (18)) 

Remark: A substitution of (13) for p(C) and the formal series 

111 

^r(c) = -^^t° - -^Qi^ - ■^dt2 - ... (20) 

in (18) leads to an infinite series of generating functions (cf. (4)) 

Pt.o = Px, Pt^ = + Ho^ , Pt2 = + Hop + Hi^ , ... 



A substitution of (13) for p{() and (20) in (19) leads to the infinite series of commuting 
hydrodynamic reductions 



Thus, the generalized hodograph method (established by S.P. Tsarev in [14] and adopted 
for an arbitrary set of commuting hydrodynamic type systems by J. Gibbons and Yu. 
Kodama in [6], [7]) implies an infinite series of particular solutions determined by the 
generating function 



xda''+td \^^-^ + Hoia) j+yd \^^-^ + a'^Hoia) + Hi{si) j = dlnip-a"), k = l,2,...,N 

for the Benney hydrodynamic chain as well as for the Khohlov-Zabolotzkaya system (see, 
for instance, [8]) 

Ut = V^, Uy = Vt + uu^, 



where x = t^,t = t^,y = t"^. 

Let us consider a set of hydro dynamic reductions (17) extracted by the constraint 
Hm = SemO™. 

1. In the case of the waterbag reduction (8), Hq = Sema™. Thus, the simple compu- 
tation (see (19)) 

leads to equation of the Riemann surface (9). The waterbag hydrodynamic reduction (see 
(3) and (9)) possesses the local Hamiltonian structure of the Dubrovin-Novikov type 

where the momentum and the Hamiltonian densities are given, respectively, by 

= ^ E ^-(«'")'' = ^ E ^™(«'")' + ^ (E ^-«"^) ' • 

2. Suppose, in comparison with the waterbag case, that Hi = Se^a™. Then (see (19)) 

drioHi ^ drio (E e™"") = 9. (E 'm. ln(p(C) - an) = + ^o) 

leads to the equation of the Riemann surface 

2 

associated with K + 1 component hydrodynamic type system 



which has the local Hamiltonian structure 

flf = —Ox—:—, OtHn = Ox-; , 

* ei da'' dHo' 
where the momentum and the Hamiltonian densities are given, respectively, by 

h2 = Iy1 ^-(«")' + 1^0, ^3 = ^ E ^™(«")' + ^0 E 

8 



3. Suppose now, that H2 = Sema™. Then (see (19)) 

drioH2 ^ drio (E ^-«") = (E 1^(^(0 - an) = d. + i^oP(C) + ^1) 

leads to the equation of the Riemann surface 

3 

\ = ^ + Hop + Hi-Y,^m. Hp - , 

associated with K + 2 component hydrodynamic type system 
which has the local Hamiltonian structure 

i ^ ^-^4 r, rj Q ^-^4 rj r, OHi 

where the momentum and the Hamiltonian densities are given, respectively, by 

All other hydrodynamic reductions of the Benney hydrodynamic chain possessing local 
Hamiltonian structures 

i 1 o dHM + 2 jj dHM + 2 /^.N 

al = —dr — 7--^, dtHk = d^——— (21) 
are associated with equations of the Riemann surfaces 



A 



P 



M+l 



^^- + Hop''^' + H,p^-' + Pm-3(H,p) - J2 ^mHP - (22) 

where Pm-3(H,p) is a polynomial of a degree M — 3 with respect to p, whose coefficients 
depend on Hq, Hm-i- In such the moment decomposition (cf. (11)) 

1 ^ 

A' = ^^^_^ ^6^(a'")^+^-^^ A; = M, M + 1, ... (23) 

m=l 

reduces the Benney hydrodynamic chain 

i? = ii, i,^ = + (A; - M)i'=-iio, A; = 1,2,... (24) 



to (21). These hydro dynamic reductions were found by the so-called "symmetry con- 
straint" approach (see [2]). The moments A'' are connected with A'' by invertible trian- 
gular point transformations A^(/l°, A^, ...A^). It is easy to see comparing equations of the 

Riemann surfaces (cf. (10) and (22)) 

I / °° ^fe \M+1 ^^^^ ^ 



Remark: More complicated hydrodynamic reductions (cf. (17)) 
a,' = dJ^—^ + HA, A; = 1,2,...,K, 



dtH^ = aJif„+i-^^if^if„_i_^J , n = 0,l,...,M-2, (25) 



2 

m=0 



2 

where A = S/fc(a'^), can be associated with different Riemann mappings A(p). Vlasov 
equation (12) is invariant under an arbitrary scaling A(A). Let us consider in such a case, 
the substitution (instead of (10)) 

X = f(p + - + ^ + ^ + ..), (26) 

where f{p) is an arbitrary entire function. A corresponding Taylor expansion 
1 r .a A' A^ \ 1 / A' A^ 



A = fip) + 11 A' + — + +...] f\p) + /4° + — + ^ + ... ) fip) 
p \ p p"^ J Ip'^ \ p p'^ J 

can be reduced to the form 

/ A'^ \ 

A = /(p) + /(p)- U° + — + — + ... , 
\ P P^ J 

where A'' {A'^ , A^ , . . . , A'') are polynomials, and f{p) is some function. Indeed, a substi- 
tution of this ansatz in the Vlasov equation leads to the Benney hydrodynamic chain 
written in the form 

^ ^k+i _ + p^^k + (/^^ + 1 _ fc)i'=-i + i3^A''-^ + ...+ + ak 



a_i + p_^AO 
10 



where 

-J— = + ao + — + — + -J— = P-iV + /3o + — + — + ••• 
/(p) P P f{p) P P 

If, for instance, f'{p) = p^'\ then the Benney hydro dynamic chain = 1, = M — 1; 

all other coefficients and (3^ vanish) can be written in form (24). We believe that 

all moments A'^ (except first M moments in the Benney hydrodynamic 

chain written in the above form can be expressed via field variables a* as (cf. (2)) 

N 

i' = 5^/™w(a'"), k = M,M + l,..., (27) 

m=l 

for some set of constants and (3j^, where the functions fm{k){z) are uniquely deter- 
mined by the sole function f{z) {see (26)). Indeed, a substitution of this ansatz in (24) 
immediately implies (23). Several such sub-cases are considered in next two Sections. 



3 Simplest solutions of the Gibbons— Tsarev system 

The first non-trivial case in this paper is given by component hydrodynamic reduction 
(3), where m is a solution of Gibbons-Tsarev system (7). Let us suppose that u depends 
on a sole function A = T^fki^a^) only. In such a case, three distinguished sub-cases can be 
extracted. 

I. Gibbons-Tsarev system (7) admits parametric solution (8). This sub-case is well 
known, and already is considered with constraint (5) in previous Sections. Let us briefiy 
consider this sub-case without constraint (5). Since a solution of the linear PDE (12) is 
determined up to an arbitrary function A(A), let us choose a new function A such that 
(see (9)) 

A — elnA = p — ln(p — a™') , 

where e = Se^. A substitution of (13) instead A in the above formula leads to explicit 
expressions of conservation law densities Hn via moments (see (11)). Then the Benney 

11 



hydro dynamic chain 

A° = d^iA^ + eA°), A'l = + kA''-^Al = 1, 2, ... 

is equipped by the deformed Kupershmidt-Manin Poisson bracket (cf. [9]) 

{v4°, A°} = e5'{x - x'), {A^ A"} = [fcA'^+^-i^, + n9,v4^'+"-^]<5(x - x'), A; + n > 0. 

II. Let us look for a solution of Gibbons-Tsarev system (7) in the more general form 
u = T,fm{a"^), where fk{,o!^) are not yet determined functions. A substitution of this 
ansatz in (7) leads to the new + 1 parametric solution 



where eo and are arbitrary constants. A corresponding equation of the Riemann surface 
is given by 

A = -^e-^«P- J]e^y" e-^°(^'-"'")ciln(p-a"^). (28) 

Hydrodynamic type system (3) can be rewritten as the Benney hydrodynamic chain writ- 
ten in the form 

A\ = A^+i + (eoA'= + kA''-^)Al, 

where 

dA^ = ^e„(a'")'=e^°"'"rfa'^. 
Then (28) (instead (10)) reduces to the form {p — > oo) 



1 °° A' 



en " 

^ m=0^ 

III. Let us look for a solution of Gibbons-Tsarev system (7) in the form u{A), where 
A = T,fm{cL"^), where fk{(i^) are not yet determined functions. A substitution of this 
ansatz in (7) leads to the new A^ + 2 parametric solution 

u = - ln(aA + 0, fu{a^) = exp (e,a^ - 

12 



where a, ^, eo and are arbitrary constants (if a 7^ 0, the constant ^ is removable by an 
appropriate shift — C./o', i.e. just + 2 independent arbitrary constants). A 

corresponding equation of the Riemann surface can be found in quadratures 

dX = (aA + Oe5^'-'°^rfp-etP'-^of ^e^e^°"'"-5("'")'ciln(p-a™). 

Let us introduce an infinite set of moments A'' (a) determined by quadratures 

dA'' = ^e^(a"')*^e^o"'"-t("'")'rfa'". 

In such a case, hydrodynamic type system can be written as the Benney hydrodynamic 
chain (cf. (1) and (14)) written in the form 

AO 

A'l = A^+i + {-aA''+^ + eoA^ + fcA^"^) ^^/^ ^ . 

Then above equation of the Riemann surface reduces to the form {p 00) 

00 



/ /in 
n=0^ 



4 Second and third particular cases 

In this Section, two extra multi-parametric generalizations (see (25)) of hydrodynamic 
reductions equipped by local Hamiltonian structures of the Dubrovin-Novikov type (see 
Section 2) are described. 

1. K + 1 component hydrodynamic reduction (cf. (3) and (17)) 

ut = v^, a^=l^ + u\, k=l,2,...,K, (29) 

where v = i?i(a, m), is a semi-Hamiltonian hydrodynamic type system if at least one extra 
conservation law (see (14), n = 1) 



vt = d:r{w - Y 



13 



where w = -^2(3., u), exists. In such a case, the compatibihty conditions di{dkw) = dk{diw) 
and dk{duw) = du{dkw) lead to the Gibbons-Tsarev system (cf. (7)) 



a' - a'^)dikV = dkV ■ diuV - diV ■ dkuV, i 7^ k, 



dkV ■ duuV = {duV - a}')dkuV + dk5v, 

where duW = Sv + {duvY + u and diW = {d^v + a^)diV. A consistency of (4) and (29) leads 
to the Lowner equations (cf. (6)) 

diV = — [p-duV + Y] — , duP = ~ ip~ duv + — 
— p \ ^-^ a"^ — p J \ ^-^ a"^ — p J 

Suppose (like in the previous Section) that v depends on u and a sole function A = 
Tjfk{a^) only. This ansatz reduces the above Gibbons-Tsarev system to 

d^/^v = 0, duuV = [duV - a )— h , . , 

Oav Jk\(^ ) 

whose solution is given by 

w = (/3A + «)e-^°" + ^M, ln/^ = lnefc + 7a'=-^(a^)2, 

where a, /3, 7, eo and are constants. 

Then these Lowner equations can be integrated once, and equation of the Riemann 
surface can be found in quadratures 



Introducing moments A'' by their derivatives 



dA'' = J2K')''~^f^{a"')da"', k = 1,2, 



the above equation reduces to 



/°° /in 



14 



A corresponding form of the Benney hydro dynamic chain is given by 



A'l = A'^+^ + {-eoA''+^ + ^A'' + {k-l)A''-^)u^, A; = 1,2,... 

Remark: Hydrodynamic reductions (29) depend on + 3 arbitrary parameters 
a,(3,eo and e^, because the constant 7 can be removed by the Gahlean transformation. 
2. K -\- 2 component hydrodynamic reduction (cf. (3) and (17)) 

ut = v^, vt = d^(^w~^y a^=(^^ + M^, k = l,2,...,K, (30) 

where w = H2{sl,u,v), is a semi-Hamihonian hydrodynamic type system if at least one 
extra conservation law (see (14), n = 2) 

wt = dx{s - uv) , 

where s = H3{a,u,v), exists. In such a case, the compatibility conditions di{dks) = 
dkidis), dkidus) = duidks), dkid^s) = d„{dks), d„{dus) = duid^s) lead to the Gibbons- 
Tsarev system (cf. (7)) 

(a* - a^)dikW = dkW ■ di^w - diW ■ dkvW, i ^ k, 



dkW ■ dvvW = {di,w - a^)dkv'w + dkuW, 

duuW + d^w ■ duvW = {duW - u)dy^w + di,5w, 

a^dkuW + dkW ■ duvW = {duW - u)dkvW + dkSw, 
where duS = v + Sw + {duW — u)dvW, d^s = u + duW + {d^wY and diS = {d^w + a^)diW. A 

15 



consistency of (4) and (30) leads to the Lowner equations (cf. (6)) 



diW f 2 , drnW 

Oip = — — - [ p - po^w + u - Wu+ } ^ 



a' — p 



a'" — p 



duP = {d^w -p) [ p^- pdyW + -» - w„ + 



drr,W \ ^ 



a'" — p 



duP 



p 



pdyw +u - Wu+ 



dmW 

a™ — p 



Suppose that w depends on u^v and a sole function A = T,fk[a^) only. This ansatz 
reduces the above Gibbons-Tsarev system to 

dui^w = Oaw ■ i9„„w, duuW + d^w ■ duvW = {duW - u)dyyW, 



kduAW f'f!{a''^ 



Oaaw = 0, dvAW = 0, duvW + a 



whose solution is given by 
w = (PA + a)e~ 



2 2eo 



1 + 7^ 7 



+ — M, 



In/^ = lne, + ^a'-'j{a'Y, 

where a, /9, 7, eo and are constants. 

Then these Lowner equations can be integrated once, and equation of the Riemann 
surface can be found in quadratures 



d\ = d 



P-lU-5 , 7 ^ _lap2_^p+eo« 



+ eo(/3A + a)e^^''-^'Pdp 



Introducing moments A'' by their derivatives 



dA^ = ^(a'")'=-2/™(a"')c^a", k = 2,3,..., 
16 



the above equation reduces to 



A corresponding form of the Benney hydrodynamic chain is given by 
ut = Vx, vt = d^{w 



A\ = A^+i + (eoA'^+i + 7^' + (A; - 2)A'=-^)u,, A; = 2,3,..., 



where 



z Zeo \ eo Gq / 

Remark: Hydrodynamic reductions (30) depend on + 4 arbitrary parameters 

Q!,/3, 7,eo and e^, because the constant 6 can be removed by a combination of a shift 
and the Gahlean transformation. 



5 Conclusion and Outlook 

In the same way, all other hydrodynamic reductions (25) can be completely described. 
Possibly, most general ansatz is given by (17), where the function -ffx(a, H) depend on a 
finite number of moments A'' (see (27)), i.e. / = 0, 1, L, where L is some natural number. 
For instance, let us suppose that Hq depends on Ai = S/fc(i)(a'^) and A2 = S/fc(2)(a'^) 
only, and fi{a^) are unknown functions yet. In the simplest case, /fc(i)(a'^) = Cfco'^ and 
fk{2)icL^) = Gk{of^Y- Corresponding hydrodynamic reduction is determined by Hq = [A2 — 
Aj/il + Se„)]/2. 

Two important observations are made in this paper. The Lowner equations can be 
derived faster via generating functions of commuting flows (see, for instance. Section 2) 
than directly from a consistency of generating functions of conservation laws and cor- 
responding "symmetric" hydrodynamic reductions. The Gibbons-Tsarev system can be 

17 



derived faster from an existence of an extra conservation law than from a consistency of 
the Lowner equations. It looks like that this is a common feature of any integrable hydro- 
dynamic chains. However, this, possibly, universal behavior needs a priori known formu- 
lation of hydrodynamic chains in their conservative form as well as generating functions of 
commuting flows, that is usually can be found just after a special separate investigation. 
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